In this study, we deal with the tumbling, which is a rotating motion with the axis perpendicular to the falling direction. Our purpose is to reveal the fundamental aerodynamic characteristics of the tumbling, experimentally. Regarding a test plate, we consider a prism with a rectangular cross section with a depth-to-width ratio λ of 0.3. The results are as follows. The reduced terminal rotating rate Ω * , the lift coefficient C L , the drag coefficient C D and the lift-to-drag ratio C L /C D are independent of the aspect ratio AR, when AR is greater than 10. As the inertia moment ratio I * increases from zero to 50, Ω * , C L and C D increase. However, Ω * , C L and C D become almost constant, at I * greater than 50. We propose the empirical formulae to predict them. At low I * , the tumbling shows a dominant periodicity of 360 deg.
Introduction
We often see rotational motions of leaves and cards falling in air. When a solid body falls in fluid, it's motion is usually complicated and sometimes experiences the autorotations, namely, various kinds of self-induced rotational motions sustained by fluid force.
Among the autorotations such as the tumbling, the flat spin and the corning (for example, see refs.
(1) & (2) ), we consider the tumbling, which is a rotational motion of a solid body in fluid with the axis perpendicular to the falling direction. The tumbling is important not only for pure academic interests in leaves' and cards' motions, but also for aeronautics, space engineering, ballistics and meteorology. For example, when a satellite re-entries into the atmosphere, its structure collapses into many fragments which disperse in the wide range of the earth-ground surface. Some fragments fall in the tumbling motions. In such cases, the precise knowledge on the tumbling is important to predict the dispersible range.
There have existed some previous researches on the tumbling. In 1949, Dupleich (3) conducted experiments in water and air, concerning flat plates with low aspect ratio AR. In 1953, Smith (4) experimentally researched the tumbling of an aircraft nose. Bustamante & transfer between a tumbling body and fluid, by means of the trajectory analyses on a phase-space disgram. Their test models are flat plates and rocket-shaped cylinders. As well as experimental approaches, numerical ones have been challenged, and contributed especially toward the understanding of spatial flow structures. (Ishida (1982) (10) and Oshima et al. (1983) (11) calculated tumbling plates and elliptic cylinders, respectively, using discrete vortex methods. They showed vorticity distributions, streamlines together with C L and C D . Using finite-difference methods, the full Navier-Stokes equations were solved by Lugt (1980) (12) and recently by Andersen et al. (2005) (13) and Yasuda & Takano (2006) (14) together with experiments.) As the aforesaid, there have been some past researches about the tumbling. However, denote span, width and depth of the plate, respectively. Then, non-dimensional geometrical parameters, namely, the depth-to-width ratio λ and the aspect ratio AR correspond to 0.3 and 2 − 20 (in air), or 0.3 and 10 (in water), respectively. The plates are made of foamed polystyrene, balsa wood, acrylic, aluminum, cupper and lead. We can control the plate's inertia moment I by choosing such materials. We have to consider the condition of the plate's ends, because it influences the three-dimensionality of flow. In the present study, we do not put any end plates which ensure the two-dimensionality of flow. Instead, we keep enough large AR (= 20) through all the tests, after the confirmation of the AR effect (as shown later). In addition, we conducted other preliminary experiments where the end-plate effect were researched for AR = 10. However, the end-plate effect is related with complicated three-dimensional flow near the plates' ends, then it seems difficult to explain the results plainly. In fact, we have confirmed that the terminal rotating rate n tends to become small with large end plates, and that the plate does not rotate with too large end plates. Fig. 2 shows the present coordinate system. x and z represent horizontal coordinates perpendicular and parallel to the rotation axis, respectively. y represents a vertical coordinate.
Nomenclature
AR : Aspect ratio, ≡ l/w C D : Drag coefficient, ≡ D/(0.5ρ f U ∞ 2 lw) C L : Lift coefficient, ≡ L/(0.5ρ f U ∞ 2 lw) d :
Coordinates
The three-dimensional motion of a plate is detected by a set of stereo cameras, whose foci are fixed near the prospected orbit of the plate. In order to record the motion in terminal condition, we choose the space enough below the launched position as a test space. On the other hand, the test space is enough above to avoid the ground effect. Of course, we check whether or not the recorded motion is terminal, prior to their analyses (see 4.1). Incidentally, for the calibration before measurements, we use a transparent acrylic cube, which is put in the recorded space.
Second, we consider the kinematic governing parameters. We need two non-dimensional parameters to identify the concerning phenomenon. Conventionally, we select the inertia moment ratio I * and the Reynolds number Re (for example, see Smith (6) ).
The definitions of I * and Re are as follows:
and
I denotes the inertia moment of the plate given by
where ρ f , ρ s , U ∞ and ν denote fluid density, plate density, plate's translation velocity and 
A theoretical terminal velocity (13) is as follows:
where g denotes the gravity acceleration.
In many practical aspects, we can easily find the advantage in the use of V instead of U ∞ . That is, we can determine V, if physical properties and geometrical dimensions are given. On the other hand, we need experiments or numerical simulations to determine U ∞ . From another point of view, the use of V inevitably causes some lost information. Fortunately, as shown later, we have experimentally confirmed that the uniqueness in the relation between V and U ∞ are approximately satisfied. Then, V seems more suitable to understand the whole picture than U ∞ . Besides, we will also discuss the lost information later.
From a theoretical point of view, we have to separately investigate each effect of such two governing parameters as I * and Re(V) (or I * and Re). However, in free-flight experiments, individual estimations to such kinematic parameters have been technically difficult. This has been just one main reason to prevent the understanding of the concerning phenomenon (for example, in Iversen (7) , each parameter effect does not estimated separately from the other parameter effect, under the condition that the other parameter is kept to be constant).
In the present study, for the individual estimations to kinematic parameters avoiding such a difficulty, we choose the following non-dimensional parameter C as one of the two governing kinematic parameters.
From a mechanics point of view, C represents the ratio of (inertia force × gravity force) As dependent parameters, we consider physical quantities describing the tumbling characteristics in terminal condition, such as the terminal rotating rate n and the lift L and the drag D. They are non-dimensionalised as a reduced terminal rotating rate Ω * , a lift coefficient C L and a drag coefficient C D , respectively. Their definitions are as follows.
From Equation (10) 
Experimental apparatus
Figs. 4 and 5 show the schematics of free-flight experiments in air and in water, respectively.
In Fig. 4 , a flat plate falls from a launcher in 7m high above the ground floor. This system is placed indoor to avoid various disturbances. The launcher gives the plate an initial rotation. After release, the plate begins to fall tumbling. We take stereo-photographs by two high-speed video cameras synchronised with each other at 2000flames/s, and get the angle and the position of the plate.
In Fig. 5 , a flat plate falls into a water tank with a water level of 7.5 × 10 -1 m. The interval between experiments is kept to be enough long to settle the disturbances in the water tank. We take synchronised photographs by three high-speed video cameras at 500frames/s, and get the angle and the position of the plate as well. Specifically speaking, we mark three white points on a longer cross-section centre line on one plate's end surface. One point is on the centre, and the other two points are oppositely outside the centre. The former is for the position measurements, and the latter two are for the angle measurements. 
Results and discussion

Falling motion of a tumbling flat plate (a sample)
Fig . 6 illustrates a locus of a falling plate in typical tumbling motion during about one-rotation period, as a sample. Arrows in the figure denote the cross-section directions of the plate at different instants. And, a dotted line in the figure denotes the trajectory of the plate's center. The plate translates from a right upper corner to a left lower corner, with clock-wise tumbling. We can see that both the instantaneous translation velocity and the instantaneous rotation rate fluctuate periodically. Then, we are needed to define n, C L , C D and C L /C D as time-mean values.
We usually observe the loci in an enough wide space to record more than three plate's rotations (with about 50w in both the x and y directions). By comparing three values of the U ∞ averaged over each one rotation period, we judge the terminal condition for further analyses. 
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Effect of aspect ratio AR
The tumbling is inherently a two-dimensional phenomenon. But, the actual tumbling is not perfectly two-dimensional, because the existence of plate ends. By the wind-tunnel experiments at Re = 1.3 × 10 3 − 2.8 × 10 5 , Smith (6) described that there is no influence on Ω * , in the condition that AR is larger than 3. On the other hand, according to Iversen (7) , we can observe that Ω * increases with increasing AR, in the wind-tunnel experiments at AR < 4.
In these studies, λ is much smaller than 1, as well as the present study at λ = 0.3. Now, we investigate the effects of Besides, in Fig.7 , we show the previous results by other researchers, for comparison. Their experimental conditions are also summarised in Table 1 . Although we recognise that Ω * monotonesly increases with increasing AR for all the results, we can see distinctive discrepancies among them from a quantitative point of view. These discrepancies become large, as AR becomes large. Therefore, when we consider more ideal tumbling at large AR expecting the two-dimensionality of flow, we should note that the past results at large AR are poor as show in Table 1 .
Apropos, we can point out some trivial problems in previous researches, in addition to the above smaller-AR problem. Dupleich (3) conducted well-controlled experiments concerning the governing parameters. However, the value of λ is unknown. Bustamante & Stone (5) carried out various kinds of experiments such as free-flight and wind-tunnel tests.
However, their empirical formula on Ω * which is given by
is based on wind-tunnel experiments, supposing Ω * = 1 at AR = ∞. Furthermore, the values of I * and λ are unknown, although λ is described as 'thin.' Iversen (7) show the following empirical formula. This formula is based on the data with wide-ranged parameters, except for AR. However, each parameter effect is not estimated separately from the other parameter effects, because he uses other researcher's experimental data. provided that AR is larger than about 10. Then, from now on, we consider only the results at AR = 10, as we can ignore the AR effects. Table 2 summarises the symbols and their corresponding parameters used in these figures. A chain line in each figure corresponds to an approximation equation described in the figure.
Effect of inertia-moment ratio
In Fig. 11 , Ω * increases with increasing I * at I * < about 50. At I * > about 50, Ω * seems to asymptote to a constant value between 0.4 and 0.6, while there exist some data scatterings. Then, the effect of I * upon Ω * becomes negligible at I * > about 50.
For reference, we draw Equation (14) proposed by Iversen as a solid straight line. In contrast with the Iversen's conclusion, we cannot ignore the I * effect upon Ω * at I * ≈ 10. In addition, the value of Ω * predicted by his formula is much smaller than the present experiments.
Next, wee see Figs. 12 − 14. Fig. 12 shows that C L has such a similar trend as Ω * . That is, as I * increases from zero to about 50, C L increases. At I * > 50, C L seems to asymptote to a constant value of 0.9. One outstanding difference of Fig. 12 from Fig. 11 is a smaller scattering manner of the data. In Fig. 13 , C D has such a similar trend as C L in Fig. 12 , not only qualitatively but also quantitatively. And, we can also observe a small scattering manner of data as well as Fig.  12 .
In Incidentally, in Fig. 13 , we draw the experimental data by Dupleich. (3) We can see remarkable discrepancies between the present and his results, even from a qualitative point of view. To settle this inconsistency, further investigations are required. Specifically speaking, we estimate the values of I * by two kinds of ways, because of his insufficient descriptions of governing parameters. Bar symbols in Fig. 13 denote the values assuming that λ equals zero. The corresponding ranges of AR and C are wider than those in Table 1 , because of the difference of the data used. Cross symbols in Fig. 13 
Effect of Reynolds number Re(V)
In the late sub section, we have considered I * and C as two governing kinematic parameters, and investigated the effects of I * upon such quantities as Ω * , C L , C D , and C L /C D under the condition that C keeps constant. As a result, we can successfully propose simple empirical formulae to predict those quantities with enough accuracies.
On the other hand, it is possible to choose other sets of governing kinematic parameters. Now, we attempt to investigate another set, that is, Re(V) and C instead of I * and C.
Complementarily speaking, as C keeps constant through the present study, the relation between Re and Re(V) can be approximately determined as a function with uniqueness. Fig.  15 shows this relation, although there exist some dispersions. Here, the symbols in the figure correspond to those in Table 2 .
The Re effects in the past studies are as follows. According to Lugt, (1) although he did not show explicit data, he addressed that there is no Re effect upon Ω * at Re > 1.5 × 10 3 , and
that Ω * = 0.8 − 1.0 at small λ and at large AR. As well, Iversen Finally, we discuss the lost information induced by the use of Re(V) instead of Re. As shown in Fig. 15 , the relation between Re(V) and Re is approximately unique. In addition, at a fixed Re(V) or I * , the magnitude of data dispersion on Ω * (as shown in Fig. 16 ) is much larger than those on C L and C D (as shown in Figs. 17 and 18) . Then, Ω * is the most sensitive to the lost information.
Complementarily speaking, the data dispersion on Ω * is caused by different value of n which are all measured in enough terminal conditions. According to Andersen et al. (13) , the terminal conditions are subject to initial conditions as well as the geometrical and kinematic governing parameters. However, as both I * and Re in the present study are much larger than those by them, we cannot conclude that the present result corresponds to their result in the present stage. To conclude, this tendency is considered to be reflected by a close interaction between C L and Ω * . Now, we consider the dynamical equilibrium on a free-flight plate, and we get
We suppose that the lift force L is produced mainly by the Magnus effect, then
And,
From Equations (15) − (17), we get ( ) 
where C 1 and C 2 are the coefficients which are related with Equations (16) and (17), respectively. Next we consider other coefficients A and B instead of C 1 and C 2 , as follows. Incidentally, we can get the relation between Re and Ω * , using Equation (21) 
Periodicity
Figs. 21 and 22 show the angular velocity fluctuations ω of a free-flight plate tumbling during about three rotations in water at I * = 2.5 and 0.75, respectively. In each figure, the ordinate denotes the dimensionless angular velocity ω/ω ave. , where ω ave. is time-mean angular velocity which is equal to 2πn. The abscissa denotes the reduced time tn, where t and n are time and the terminal rotating rate, respectively. In water experiments, C is fixed to 8.86 × 10 3 . At first, we see Fig. 21 . We can observe a typical tumbling which is dominated by a periodicity of 180deg. (a half rotation) ; namely, the periodicity of 0.5 in tn in the figure.
Then, during three rotations of the plate, we see six dominant fluctuations on ω/ω ave . In addition, if we observe the figure more carefully, we can also observe a weak but clear periodicity of 360deg. (one rotation); namely, the periodicity of 1.0 in tn. For example, we can see that the peak value of ω/ω ave. alternates between about 1.3 and 1.1.
In Fig. 22 , we can observe such a periodicity of 360deg., more clearly. In other experiments, we have confirmed that the periodicity of 360deg. becomes clearer, as I * decreases even at large Re. Of course, the periodicity of 180deg. is always prevailing in such conditions. Fig. 23 shows a locus of a falling plate under the same conditions as Fig.  22 . We can see two periodicities of 180deg. and 360deg. The former and the latter represent one cycle a half rotation and one cycle a rotation, respectively. Again, we can confirm the latter on the locus. Namely, the plate translates by a shorter distance in the first half rotation, and by a longer distance in the second half roatation.
Smith (6) and most of later researchers consider only the periodicity of 180deg., as a dominant fluctuation component. The prevailness of the 180deg. periodicity seems rational, because of the geometrical symmetry of the present model cross section. On the other hand, we can clearly observe the 360deg. periodicity together with the 180deg. periodicity, such as Fig. 22 in some cases (for example, see Andersen et al. (13) ).We have also observed the 360deg. periodicity in wind-tunnel experiments at small I * , even at large Re, where it might be difficult to accept the direct interpretation of the 360deg. periodicity with the period doubling in chaos. ). Arrows and a dotted line denote the cross-section direction of a plate and the trajectory of a plate's centre, respectively.
Conclusions
We The accuracy of the above results is considered to be satisfactory, in comparison with past studies because two governing parameters (C, I * ) or (C, Re(V)) are completely in control. In future, we can expect higher consistency with past studies and higher accuracy in prediction in wider parameters' ranges, by accumulating more experimental data to investigate the C effect and so on.
Beside, we have observed the details of the tumbling in free-flight test in water. As I * decreases, the tumbling is dominated by the periodicity of 360deg., together with that of 180deg. which is exclusively dominating at large I * .
